The procedure of calculating the mean orientation considered by Humbert et al. [J. Appl. Cryst. (1996), 29, 662±666] is reformulated in terms of quaternions of unit magnitude. The problem is reduced to the calculation of an eigenvector of a certain symmetric 4 Â 4 matrix.
Introduction
In the analysis of grain orientations in polycrystalline materials, it is sometimes necessary to determine a mean of a certain number (say, N) of orientations. Two methods of calculating such an orientation were considered by Humbert et al. (1996) (see also Morawiec, 1998; Humbert et al., 1998) . In the second of these methods special orthogonal matrices (i.e. orthogonal matrices with a positive determinant) are used. Brie¯y, the method is based on minimizing the residue r given by
(summation over lower indices) where G n n 1Y 2Y F F F Y N are special orthogonal matrices representing orientations, w n is a positive weight corresponding to the nth orientation, G is a matrix representing the sought mean orientation, and M is de®ned by M ij N n1 w n G n ij [cf. equation (13) of Humbert et al., 1996] . The complete solution to the problem of calculating the orthogonal or special orthogonal matrix G corresponding to the absolute minimum of ÀG ij M ij can also be found, e.g. on papers by Wahba et al. (1966) and Stephens (1979) .
Procedure based on quaternions
Because of the two-to-one homomorphism between the group of unit quaternions and the group of proper rotations, the quaternions can be used to represent orientations. The relationship between a special orthogonal matrix G and the corresponding unit quaternions AEq can be written as
where q " " 0Y 1Y 2Y 3 are components of q, and T ij"# is de®ned by T ij"# ij 0" 0# À k" k# i" j# i# j" À ijk k" 0# k# 0" X It can be checked by comparing individual components with those of, e.g., Horn (1987) . Conversely, for a given G, one can extricate AEq from the formula q " q # "# T ij"# G ij a4Y which follows from T ij T ij"# 2 " # # " À "# .
The method of Humbert et al. (1996) can be reformulated in terms of quaternions. It is assumed that the orientations to be averaged are represented by quaternions q n n 1Y 2Y F F F Y N and q represents the sought mean orientation. The quantity ÀG ij M ij is equal to ÀM ij T ij"# q " q # . Thus, the residue r as a function of q can be expressed in the form
where P is a constant traceless symmetric 4 Â 4 matrix de®ned by P "# M ij T ij"# . In terms of the quaternions q n , the matrix P is given by P "# N n1 w n 4q n " q n # À "# . The magnitude of q is 1, i.e. q " q " À 1 0. Using the Lagrange multiplier !, let gq rq !q " q " À 1. The stationarity condition dgadq " 0 leads to P "# q # !q " X Moreover, for q satisfying this condition, there occurs rq À!q " q " À!X Thus, the residue is minimized by the quaternion given as the normalized eigenvector corresponding to the largest eigenvalue of P. The sign of this quaternion is ambiguous but the mean orientation it represents is unique provided that the eigenvalue is not degenerate.
Numerical application of this method is easy if one of the widely available packages of`eigensystem routines' is used (see e.g. Smith et al., 1974) .
As a simple example, let us consider three orientations given as active right-hand rotations through the angle of 90 about axes of a Cartesian coordinate system. In this system, the orthogonal matrices G n n 1Y 2Y 3 can be written as G n ij n i n j À ijn (no summation over n). The corresponding quaternions have the components q n " AE2 1a2 a2 0 " n " . With w n 1, the matrix P has the form P "# 2 0" 0# À "# . Its eigenvalues are À3, À1, À1, 5 and the eigenvector corresponding to 5 is q AE3 1a2 a6 (3, 1, 1, 1) . This quaternion represents the 60 right-hand rotation about the vector (1, 1, 1) . that rotation with respect to the mean of the original orientations.
(ii) It is stressed that in the case of crystallites one has to deal with crystal symmetry. An orientation of a symmetric object is represented by a number of equivalent rotations. Obviously, it is not correct to choose a certain representative of each orientation of the set and to calculate the mean orientation; such a procedure would led to nonequivalent results for different representatives. The proper approach is to consider combinations of representatives and to check which one leads to the smallest value of the residue.
(iii) The formalism presented here is analogous to the quarternion method of calculating the best rotation relating two sets of vectors which was analysed in three independent studies by Faugeras & Hebert (1983) , Horn (1987) and Diamond (1988) .
(iv) Only proper rotations (special orthogonal matrices) are taken into account in the above procedure. However, one can also consider both proper and improper rotations, i.e. matrices G and G n can be elements of the full orthogonal group in three-dimensional space. The approach based on quaternions can be modi®ed [in a similar way to that of Diamond (1990) ] to include this increase of the domain of rotations. The steps are as follows: given orthogonal matrices G n , determine P using P "# T ij"# N n1 w n G n ij and calculate G from G ij sign!T ij"# q " q # , where ! is the eigenvalue of P with the largest absolute value, and q is the corresponding eigenvector.
